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Vapour-bubble growth in a superheated liquid
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It is shown that the approximation of a thin thermal boundary layer gives an accurate
description of the growth of spherical vapour bubbles in a superheated liquid except
for very small superheats. If the further approximations of a linear variation of
vapour pressure with temperature and of constant physical properties are made, then
scaled variables can be introduced which describe the growth under any conditions.
This scaled description is not valid during the early, surface-tension dominated,
portion of the growth. The rate of bubble growth for large superheats is somewhat over-
estimated in the intermediate stage in which both inertial and thermal effects play
a role. This overestimate does not lead to a serious error in the radius—-time behaviour
for ranges of practical interest. The asymptotic, or thermally controlled, stage of
growth is accurately described by the scaled formulation.

1. Introduction

The theory of the growth of a vapour bubble in a superheated liquid has been
considered by several authors (Plesset & Zwick 1954, 1955; Birkhoff, Margulies &
Horning 1958; Scriven 1959; Zwick 1960; Bankoff 1964; Theofanous ef al. 1969;
Mikic, Rohsenow & Griffith 1970; Dalle Donne & Ferranti 1975; Theofanous & Patel
1976) in part at least because of theoretical implications for boiling heat transfer (see,
for example, Rohsenow 1971) and for other problems in two-phase flows. Even with
the simplifying assumption of spherical symmetry the formulation and solution of the
problem are somewhat complex, and attempts have been made to obtain some ana-
lytical expressions of relatively simple form. These approximations, however, are
either limited in their range of applicability to the late stages of bubble growth
(Plesset & Zwick 1954; Birkhoff et al. 1958; Scriven 1959) or do not have a stronger
theoretical foundation than that of being ad hoc interpolations between the correct
limiting solutions for large and small times (Mikic et al. 1970).

The primary objective of the present study is to present a law of bubble growth
which has a clear physical basis and which, although somewhat simplified, retains
a large degree of accuracy and applicability in the range of bubble radii of practical
interest. While it has not been possible to obtain a general solution in closed analytical
form, it will be shown that, with appropriate scaling, bubble growth can be described
under general conditions of liquid superheat and liquid properties by a single equation
that does not contain any parameter. This ‘universal’ law of growth is valid only for
bubbles that have grown by about an order of magnitude beyond their initial radius,
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8o that surface-tension effects have become unimportant. This limitation is inconse-
quential in practice, particularly for moderate and large liquid superheats.

Our approach is based on the theory developed by Plesset & Zwick (1954), who
gave an approximate solution to the energy equation (Plesset & Zwick 1952). A
secondary objective of the present study is to show that this theory gives quite good
results unless the liquid superheat is very small. Its accuracy is demonstrated by the
close agreement with the results of Dalle Donne & Ferranti (1975), who solved by
detailed numerical integration the complete set of partial and ordinary differential
equations for the growth problem. The approximate formulation that leads to the
description in terms of scaled variables is also shown to bein agreement with the results
of Dalle Donne & Ferranti (1975) in the range of bubble radii of concern in practice.

The interpolation expression obtained by Mikic et al. (1970) is also considered here.
With the modification suggested by Theofanous & Patel (1976), the scaled variables
of Mikic et al. coincide with ours, and their interpolation scheme is found to give
acceptable results.

2. The analytical model

The nucleus from which the vapour bubble will eventually grow is supposed to be
a spherical cavity of radius R, in a liquid at the uniform temperature 7T,,. The internal
pressure in the nucleus will be taken to be the equilibrium vapour pressure p,(7,),
for the liquid temperature, and the equilibrium radius is then

RO = 20/[pv(Tw) — Pl (1)

where o is the surface tension at the temperature 7., and p, denotes the ambient
liquid pressure, which is supposed to be constant. The pressure p,, corresponds to
a well-defined equilibrium temperature, the ‘boiling’ temperature 7. Equation (1)
implies that 7, > T}, and the difference AT = T, — T}, is termed the liquid superheat.
This simple model for the vapour nucleus is certainly idealized, but it may be shown
that initial conditions do not have a significant effect on the subsequent growth of
a bubble (see, for example, figure 11 below).

The equilibrium described by (1) is unstable, and a perturbation can result in the
growth of the nucleus. In the initial, or latent, stage the radial velocity of growth is
limited by the restraining effect of surface tension, which becomes of decreasing
importance with increasing bubble radius. If the initial superheat is sufficiently large,
the limiting factor in the following stage of growth will be the liquid inertia. An upper
bound for the growth velocity will then be given by

((_Jditz) 3 [g Pol Teo) —pw]*’ (2)

inertial 3 P

where R is the bubble radius and p is the liquid density. The increase in bubble volume
requires a corresponding inflow of thermal energy in order that the volume remains
filled with vapour. The rate of inflow of energy to meet the latent-heat requirement is
clearly proportional to B2d R /dt, so that the inertial growth stage will be followed by an
intermediate stage in which both inertial and thermal effects control the growth.
Finally, in the asymptotic stage for large radius, the only important controlling factor
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will be the inflow of thermal energy. In this stage, the familiar expression for the
growth velocity applies:

(dR) _ (3)* k. T,-T, 3)

dt thermal T \7 va(Tb) (Dt)é ’

in which £ is the liquid thermal conductivity, L is the latent heat, p,(T}) is the equili-
brium vapour density at the boiling temperature, and D is the thermal diffusivity
of the liquid. This equation expresses the balance between the rate of heat flow in the
liquid to the bubble wall, given approximately by 47R2kAT /(Dt)}, and the latent heat
required to supply the vapour in the bubble at the temperature 7}, which is of the order
of 4nR2Lp (dR/dt) (Plesset & Zwick 1954; Plesset & Prosperetti 1977).

The detailed results which follow will show that the growth stages just described
apply only for sufficiently large liquid superheats. For smaller superheats, the inertial
stage may never be reached, the latent stage passing directly into the intermediate
stage; at still smaller superheats, the latent stage will be followed directly by the
asymptotic stage. At the other extreme of very large initial superheats, the inter-
mediate or the asymptotic stage would be reached only for bubble radii so large as
to be of no practical significance. This behaviour is, for example, characteristic of
cavitation bubbles.

We may note that integration of (3) gives

o3\ T—T)

B~ 2k () e “
which is a frequently used result. It must be emphasized that it is valid only for times
large enough for the growth velocity to be much smaller than the inertia-controlled
velocity. This behaviour will be discussed further below.

With the assumption of spherical symmetry, the continuity and momentum equa-
tions for an incompressible liquid give the Rayleigh equation (see, for example,
Plesset & Prosperetti 1977)

d*R 3 (dR\* 1 20
TFs(@) =5 lpm-ra-) ®)

The liquid temperature at the bubble surface is 7}(¢), and it is assumed that the vapour
in the bubble has uniform density and pressure and is in thermodynamic equilibrium
at the temperature 7,. Non-equilibrium effects can be shown to be small if the
accommodation coefficient is not appreciably less than unity. An additional assump-
tion contained in (5) is that viscous effects may be neglected. Viscous effects could be
accounted for by including the term —4(v/R)(dR/dt)in the right-hand side of (5). For
the liquids of present concern, such as water or liquid sodium, the kinematic viscosity v
is so small that viscous effects are negligible.
The liquid temperature 7, at the bubble boundary must be obtained from the
solution of the energy equation, which here takes the form
LR DS () o)
ot r2 dt or  r2or or)’

where r is the radial distance measured from the centre of the bubble and 7' = T'(r,1).

Clearly () = T(R(),1). (7)
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We should note that the form of the energy equation in (6) implies the neglect of
the temperature dependence of the thermal conductivity of the liquid but not of the
temperature dependence of its density or of its specific heat.
At the moving boundary r = R(¢), the temperature field is subject to the condition
oT d
2k (— = L—[4nR3 (T
amhok ar),=R(t) LS [4mR (T, (8)
which expresses the requirement that the energy conducted from the liquid into the
bubble equals the product of the latent heat L and the rate of vapour production.
Further conditions on the temperature field are

T(r,0) =T, (9a)
T(r,t)>T, as r->oo. (9b)

3. The thermal problem

A solution of the heat-flow equation (6) with conditions (9) and with arbitrary time-
varying heat flux at the bubble surface may be obtained subject to suitable approxima-
tions. This result, which was obtained by Plesset & Zwick (1952), greatly simplifies the
solution of the growth problem. This solution is summarized here with the dual purpose
of completeness of the present discussion and of clarifying the range of validity of the
approximations introduced. There has been some confusion in the literature regarding
the latter point.

The heat-flow equation (6) is complicated by the presence of the convective term
on the left-hand side. This term can be formally eliminated by introduction of a
Lagrangian independent variable

k= 4(r3— R3), (10)
in terms of which (6) becomes
o (,oT oT
R P Sl Wl
D (’ ah) o (11

It is also convenient to introduce a transformed time variable u defined as
U= f:R‘(t’)dt’, (12a)
and a new dependent variable U given by
Uh,t) = f ST, -0, ) = f: [T, — Tk, )] dh'. (128)

7

For constant liquid density and specific heat, U is proportional to the thermal energy
removed from the liquid exterior to the sphere of radius » by the latent-heat require-
ment of the vapour bubble. If (11) is integrated from % to infinity, one obtains for
constant D
U aU
3 a‘——— = —
D(1+ 3h/R3) TE = T (13)
Uh,0) =0, (14a)

Uh,u)>0 as h—oo. (14b)

and conditions (9) become
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Let us now suppose that the temperature gradient is appreciable only in a thermal
boundary layer about the bubble of thickness § ~ (D¢)t. Then, with neglect of terms
of second and higher order in /R, one may write

h _r—Rr4+rR+R?
R: R 3R?

<2

~ R.

An estimate of the magnitude of §/R may be obtained by use of (4), and with the
neglect of unimportant numerical factors one finds

§ DLp, _p,_ L

RTHIL-T) p o(To—Tpy (15)

where ¢ is the specific heat of the liquid. The reciprocal of the right-hand side of (15) is
often referred to as the Jakob number (Zuber 1961) and it should be noted that it is
independent of the thermal conductivity k of the liquid. By way of example, for water
at 100 °C one has §/R ~ 0-38/AT and for sodium at 890 °C one has §/R ~ 2-9/AT. Itis
evident that even for modest superheats one may make the approximation that
h/R? < 1. Equation (13) then becomes to lowest order

DU /ok? = 8U [ou, (16)

which is the standard form of the diffusion equation. The general solution of (16) which
satisfies the conditions (14) and which has ¢*U/ok? given at h = 0 as an arbitrary
function of time is readily found by Laplace transform methods (see Plesset & Zwick
1952). When the solution is written in the original variables, we have

o (S

where 0T(R(t),t)/or is the arbitrarily prescribed gradient at the bubble wall. We may
note that for constant R this expression reduces to the well-known result for a plane

interface
Tt)=T,— (l;))%f (t—zx)t a—"’lg-x—)dx. (18)

0 (a

T,

8

For the bubble growth problem, the boundary condition (8) should be used in (17)
to give

() = Tw—%c(g)* [z g o] [ 2w dy]”%dx. (19)

To be consistent with the assumptions already made, k and D should be taken to be
independent of temperature, but no such assumption has been made thus far for L and
p,. In order to ensure a correct description of the asymptotic stage, k and D should
be evaluated at the boiling temperature 7}.

The method followed to deduce (17) is essentially that of matched asymptotic
expansions with (16) representing the lowest-order inner equation and the correspond-
ing outer solution to lowest order being U(#k,t) = 0. Plesset & Zwick (1952) have also
considered first-order terms and give an explicit expression for the correction to (17).

A further remark may be made concerning the estimate of the quantity §/R. As
already pointed out, at sufficiently high liquid superheats, the initial growth has
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approximately the constant inertial velocity given by (2). The rate of change of the
thermal boundary layer for early times has large values which are proportional to ¢-%.
It is therefore pertinent to inquire whether & <€ R at the initiation of the intermediate
stage when thermal effects begin to be important. This stage begins approximately at
the time ¢, at which the inertial growth velocity (2) and the thermal growth velocity (3)
are roughly equal. We have therefore

8ty _ (Dt} < (_12)* (dR)“l
R(ty) ~ By+ (dR/d)inertiarto ) dt
and, since at ¢, we have (dR/dt)ert101 = (AR /At) i hermats
(%) < P L

R(tg) ~ py (T —Tp)’

inertial

which agrees with our previous estimate (15).

4. The growth analysis

The dynamical equation (5) and the solution to the energy equation (19) are coupled
by the thermodynamic equilibrium relation p, = p,(T}), so that the solution to the
growth problem is determined subject to the simplifications which have been intro-
duced. A way of assessing the consequences of these approximations is to compare the
results obtained in this way with results derived on the basis of a more accurate
model. Such a study has recently been performed by Dalle Donne & Ferranti (1975),
who solved the system of equations (5) and (6) numerically without introducing the
hypothesis of a thin thermal boundary layer; these authors used the equilibrium
pressure~temperature relationship.t The numerical results of Dalle Donne & Ferranti
are compared with the results of the approximations in figures 1-3 for a range of
ambient pressures and superheats. In these figures the continuous lines show the
results obtained from (5) and (19)} and the open circles show Dalle Donne & Ferranti’s
values; the broken lines will be discussed below. The numbers labelling the curves refer
to table 1, which gives the physical conditions for the various examples. The most
stringent comparisons are those between the growth velocities (figure 1) and the surface
temperatures (figure 2), rather than that between the radii (figure 3). Figure 1(a)
shows the growth velocities of bubbles at an ambient pressure of p, = fatm
(T, = 1155 °K) for liquid-sodium superheats of 279, 133 and 22 °K. The comparison is
quite good except in the early stages of growth, where the slightly different initial
conditions used in the present work result in some discrepancies which, however, have
no consequences for the later behaviour. Figure 3(a) confirms this observation.

+ It should be pointed out that equation (24) of the paper by Dalle Donne & Ferranti (1975),
which corresponds to our equation (8), is incorrect in that the latent heat is within the time-
derivative operator, and further because the expansion work and surface energy are improperly
introduced (see, for example, Hsieh 1965). In addition, instead of separating the liquid thermal
conductivity and the pc factor in the energy equation, they use the same form as our equation (6),
with the thermal diffusivity taken to be a function of the local temperature. While the alteration
of the boundary condition (8) is certainly of negligible importance in view of the smallness of
the terms improperly introduced, the error in the energy equation may be somewhat more
significant, although it is not expected to alter their results substantially.

1 Details of the numerical method used to obtain the results will be made available elsewhere.
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F1oure 1. Growth rates of vapour bubbles in superheated sodium. The continuous lines have been
obtained from (5) and (19) and the dashed lines from (24). Only the continuous line is shown where
the two coincide. The numbers labelling the curves refer to table 1, which gives the physical
conditions for the examples shown. The open circles are the results of Dalle Donne & Ferranti

(1975).

Figure 1(b) represents the results for a case of very high superheat (p, = 0-5atm,
AT = 340°K), a case of moderate superheat (p,, = 2atm, AT = 90 °K) and two cases
of small superheat (p, = 4-5atm, AT = 15°K and p,, = 6atm, AT = 5°K). While
the cases of high and moderate superheat follow the behaviour encountered in the
previous cases, the examples with low superheat, and especially the second one, show
a poorer agreement: the assumption of small §/R (large Jakob number) is not valid for
these bubbles and other terms in the solution of (13) become important. Much the
same trend is observed in the surface temperature behaviour (figure 2). It should be
remarked that the rapid increase in the value of 8/ R (see table 1) is brought about more
by the increase in p, with temperature than by the decrease in A7'. Finally we remark
that the data of Dalle Donne & Ferranti indicated in figures 1-3 have been obtained
from copies of their original figures: this circumstance explains the occasional scatter
in their points which appears in our figures.
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Ficure 2. Bubble surface temperatures during growth in superheated sodium. The continuous
lines have been obtained from (5) and (19) and the dashed lines from (24). The numbers labelling
the curves refer to table 1, which gives the physical conditions for the examples shown. The open
circles are the results of Dalle Donne & Ferranti (1975).

We now proceed to obtain an approximate scaling law for bubble growth of general
applicability. To this end we make some approximations as follows. First we shall
take L and p, to be independent of temperature and we shall evaluate them at the
boiling temperature 7;. This choice, rather than 7, say, will ensure that the last stage
of bubble growth, the thermally controlled stage, will be more correctly described.
Second, we shall approximate the relation between the equilibrium vapour pressure
and the temperature by a linear relation (see figure 4):

PuT)) = puT) - TE (1, - ), (20)
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T, AT P R, /R Jakob

Bubble (°K) (°K) (atm) (cm) 7! o (eq. 15) no.

1 1083-6 340-1 0-5 2:5x10-5 1-253 x10-% 1-647x 107 1-77x10-® 565-7

2 1154-6 2789 1 2:5x 105 3-212x 10-¢ 1-224 x 10° 4-39x 108 227-7

3 1154-6 133-1 1 10-4 9-899 x 10~% 1-655x 107 9-20x 10-% 108-7

4 11546 221 1 10-3 1-088x 10-2 5-515x 105 5-54 x 102 18-04

5 1235-2  90-1 2 104 2-923 x 10-3  1-642x 10" 2-63x10-2 38-08

6 13459 147 45 4x10-¢ 5619x10-2 2:059x 10 3:36 x 10 2-979

7 1390-2 4-66 6 10-3 2-936 x 10-1  5-147x 10> 1:36 0-7331

TABLE 1. Physical conditions and parameters for the examples of bubble growth
in superheated sodium given in the present study.

Py (Tuo) —————————————————————

|
/ |
|
|

P [ —— =

e
[
|
I
!
|
|

T, T,

F1aURE 4. The solid curve indicates the correct vapour-pressure dependence on temperature. The
dashed line is the ‘chord approximation’of (20). The dash—dot line is the ‘tangent approximation’
to the vapour pressure used by Mikic et al. (1970).

We remark that by definition p,, = p,(7}). It is evident that (20) makes it possible to
combine (5) and (19) explicitly. We now introduce a dimensionless time variable

a t 1 '
T=-R—?)f0R4(t)dt, (21)
where o = [po(T,) — P}/ 20(T,) ph. (22)

We also use the normalized bubble volume
V = (R/R, (23)

in place of the radius. With these substitutions we obtain the dynamical equation

a2V 7 (dV\? T av
% —_— - -— = — — — 2 — —_ _é
LSRN B P TP [
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with the initial condition V(0) = 1 and with the parameter u given by
1/20D\* L
(=) ez

p Pvy

3 (Tm "T'b)—l {p[pv(Tw) —pco]}—i' (25)

All the physical parameters of the problem are contained in x#, and should all be
evaluated at the temperature 7, except o, which is evaluated at 7.,,.

In (24) the left-hand side represents the effect of the liquid inertia while on the
right-hand side the last term gives the effect of surface tension and the second term,
which is proportional to x, describes the decrease in the internal pressure caused by
the thermal effect. As long as the growth continues, this term increases monotonically
from zero, and its effect on the bubble growth process appears sooner the larger the
value of the parameter . This parameter decreases with increasing superheat or with
decreasing ambient pressure. This behaviour is shown in figure 5 for liquid sodium
and water. Similar curves for « are shown in figure 6.

Equation (24) has been obtained through the introduction of several simplifying
agsumptions some of which, like (20), may appear rather drastic. It is therefore of
interest to compare the results obtained from its integration with the ones described
earlier derived from (5) and (19). This comparison is shown in figure 1 for the growth
velocity, in figure 2 for the surface temperature and in figure 3 for the radius. The
results from (24) are indicated by broken lines in these figures except for the cases
in which they are indistinguishable from those discussed above. The values of the
relevant parameters u, a, R, and AT are given in table 1. The high superheat cases
(po = 0-5atm, AT = 340 °K; p,, = latm, AT = 279 °K and AT = 133 °K) all show
serious discrepancies in the growth rates and in the surface temperature behaviour.
However, it will be observed that the differences in the radii are much smaller, at least
in the range of values (R < 0-5-1cm) of practical interest. It should be remarked that
for larger radii many assumptions of the mathematical model become questionable,
such as the assumption of spherical symmetry and the neglect of relative translational
motion between the bubble and the liquid. The case of 90 °K superheat is a particularly
interesting test of the validity of the approximate equation (24). Here the superheat
is only moderately large, so that, unlike the high superheat cases, thermal effects
become significant while the radius is still in the range of practical interest. It is
observed that, although some discrepancy exists in the growth rate (figure 15) and in
the surface temperature behaviour (figure 2a), these differences have a negligible
effect on the radius. Finally, the low superheat cases all show an excellent agreement
between the results obtained from (24) and those illustrated earlier. In summary, we
may say that, although (24) is not a good approximation to the theory based on (5) and
(19) for very large superheats, the differences between the two approaches become
significant in practice only for values of the radius which appear to be of little practical
interest. Although our results justify this statement only for liquid sodium, we believe
that its validity is entirely general except perhaps for temperatures and pressures
near the critical point. The basis for this view is that for very high superheats inertial
effects dominate most of the portion of bubble growth of practical significance, and it
is clear from the preceding considerations that these inertial effects are correctly
accounted for in the present formulation.

We should also like to comment on the fact that the dashed curves in figures 1(a)
and (b) lie consistently above those obtained from the more accurate theory, a



A. Prosperetti and M. S. Plesset

360

"1938M (q) puw winipos (v) 103 “d sernsserd guerqure snouwa 103 yseyredns uo (gz) ur ueAld # 1ojeurered o1y Jo souspuedep oY, ‘¢ TAADLY

IV IV
01 01 I 01 01 1
LU B I | LI I s-01 I T T [T T T T ¢-01
- @ - o
= —,-o01 1 -0t
§-0 H
,Eu.m MOHEQ

[T

IARRD

e-01 ¢ 01

¥

X
T

T T

z-01 7-01

T

]Illlll

1-01 1-01

T

Sy

une g=>d

TTTT T 7

I L1 [T Ligaiy 1 I




361

Vapour-bubble growth in a superheated liquid

"10y8m (q) pue wnipos (p) 10§ *d semssoad querquue snorrea 10§ geeyredns uo (gg) ur uesld » zejoursred oyy jo eouspuadep eyJ, ‘9 FIAOLY

¥AY
01 ol I
mrrTrrrT T ______ 177
G ]
I =1
r 1
— .. |.u
h\h@ £0
\ 50 ]
[ \\ I ]
N\ 4 ]
- \ ¢ m
St ]
wje 9=">d i
.l_____ 1 1 __—___h 1 1 m

01

s01

01

01

01

Ul

NAY
201 ol [
T T T _: rrrT T —_ TTT T 1

@ )
L £0 .
= W.O -
L wej=>d ]
E 3
- 9 E

S
£ 4
we 7=>d -

1188 ¢

| _._____. 1 __:____L

v01

s01

901

01

01

601



362 A. Prosperetti and M. S. Plesset

behaviour which shows higher growth rates. This feature is consistent with the
approximations introduced in order to derive (24) since the evaluation of p, at T} rather
than at the instantaneous value of 7, diminishes the latent-heat requirement. In
addition, as figure 4 shows, the linear law of pressure variation, equation (20), tends to
overestimate the bubble internal pressure for a fixed value of 7.

The limiting behaviour of R(¢) discussed above in §2 is readily obtainable from (24).
For the initial stages of the growth, in which the integral on the right-hand side can
be neglected, one integration can readily be performed with the result

() -7+ @ orsecar

where (dV /dr), is the initial velocity. If the value of x is so small that (26) still applies
when V > 1, we have to leading order

dV/dr ~ 6 V-3, (27)

which is readily seen to be exactly equivalent to (2). For late times, inertial and surface-
tension effects become negligible and (24) reduces to

f (r—06) i(—ide_l

which can readily be inverted to give
dV/dr ~ 1/murt, (28)

which, by use of (21), can be seen to coincide with (3).

5. The scaled growth formulation
Let us now make the following change of variables in (24):

y=u8V, x=pul7. (29)
This equation then becomes
d¥y 7 (dy\*] _ I _éd_y 2%
Avza+ ()] -3t [ w-eriGae-nmr], (30)
with the initial condition
y(0) = ut. (31)

The asymptotic behaviours (27) and (28) are readily seen to be independent of x. It is
clear, therefore, that the effect of the parameter x on the solution of (30) becomes
negligible as soon as ,uzy’i < 1, which, as will be seen below, means in practice an
order-of-magnitude increase in the bubble radius. The scaling (29) can be referred to
the physical variables R and ¢ with the definitions

B = u*R/R,, = ou. (32)
From (21) and (23) it is readily seen that these equations imply

B=yt, 1= f “yhe (33)
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1
10-¢ 10-% 104 10-3 10-2 10! 1 10

~2

F1cUre 7. The scaled growth rate given by (34) isshown as a function of the dimensionless time (32)
by the solid line. The non-scaled, x-dependent portion of the growth as determined by (30) is
shown by dashed lines which merge into the general scaled curve. The open circles on the dashed
lines give the times at which B = 10R,; the open squares give the times at which B = 50K,
The numbers refer to the conditions given in table 1. The dash~dot line is the purely thermally
controlled growth (35); i.e. 7-1(3#)-1,

and therefore that the relation

R=R@ (34)
is independent of the physical parameters « and x4 except in the initial (and usually
unimportant) stages of the growth. In terms of the scaled variables E and  the asymp-
totic relations (2) and (3) are

(%?) nertial (@ (%)thermal =T 3%

Figure 7 shows a graph of the scaled radial growth velocity d & /df as determined by (30)
as a function of the scaled time . The initial, non-scaled stages of the growth are also
indicated for a range of values of x. The open circles on the curves give the points at
which B = 10R, and the squares the points at which B = 50R,. The confluence of all
the solutions into a single curve is a graphic demonstration of the validity of (34). In
the figure the thermally controlled growth velocity (35) is also shown. The limited
applicability of this often-used relation is apparent.

In view of the approximations which lead from (5) and (19) to (24) or (30), it is of
course of interest to show the results obtained from the complete theory in terms of
the scaled variables (32) and to compare them with (34). Such a comparison is provided
in figure 8 for the growth rates and in figure 9 for the radius vs. time behaviour. Apart
from the initial stages of the growth, the differences already illustrated in figures 1
and 3 are of course still present here. In particular the scaled growth rates for very
large superheat are seen to deviate considerably from those given by (34). However,
figure 9 shows that these discrepancies have limited effects on the R(t) results. It may
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Fiaure 8. The scaled growth rate given by (34) (the solid line) is compared with the accurate
growth rates given by (5) and (19) (the dashed lines). These accurate growth rates are those given
in figure 1. The numbers refer to the conditions given in table 1. The dash-dot line shows the
growth rate determined from (39).

therefore be concluded that the parameters « and # do include in a physically meaning-
ful way all the quantities relevant for the growth of vapour bubbles in superheated
liquids under a very wide range of conditions. Likewise, the scaling (32) and the
relation (34) embody correctly, although in an approximate way, the characteristics
of the physical process under consideration. In the cases of high superheat it may be
possible to evaluate the physical properties appearing in the parameters # and « at
a temperature different from 7}, in order to give a better agreement with the more
complete theory based on (5) and (19). However, it would be difficult to give a simple
prescription of general applicability, and therefore we have not explored this
possibility.

If L and p, are taken to be independent of temperature, it is also possible to write
the equation for the temperature, equation (19), in terms of scaled variables. It is
easy to show that

T—T, = (T,—T)) f: (x—gréj—gdg.

If we now define a dimensionless temperature as

T, = (1,~T)/(T~ T,
we obtain from (33) T = T ().

A graph of this relation is given in figure 10, where it is compared with the results
obtained from (5) and (19).

It is of interest to compare our results with a simple interpolation expression for
bubble growth proposed by Mikic et al. (1970). This expression is also written in terms
of scaled variables B+ and ¢+ and is given by

Rt = g[(t++ 1)}~ () — 1], (36)
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Ficure 9. The scaled radius given by (34) is shown as a function of time by the solid line. The
bubble radius and the time are made dimensionless according to (32). The dashed lines give the
accurate radii determined from (5) and (19); these accurate radii are also shown in figure 3. The
numbers refer to the conditions given in table 1.

where R+ =(A/B*R, t+=(A4%/B%t (37)
(2T, -T,dp\t o, (12\} &

In their paper Mikic et al. (1970) used the Clausius-Clapeyron relation to evaluate
dp,/dT at the boiling temperature T,. With this choice the inertia-controlled portion
of the growth cannot be described correctly for moderate or large superheats. A sub-
stantial improvement was suggested by Theofanous & Patel (1976), who used an
approximate linear law [our equation (20)] for the evaluation of the derivative, setting
dp,/dT ~ [po(Ts) — Pl /(T —T,). Following this procedure and evaluating the
physical properties appearing in (38) at the boiling temperature, one can readily show
that the scaling (37) is identical with our equation (32).1 In terms of the variables
defined by (32), equation (36) becomes

R =(2/m) )} Er%+ 1) - (3n2)E—1]. (39)

+ Notice that the quantities u?/R, and au® appearing in (32) are independent of surface
tension provided that this quantity is consistently evaluated at the initial temperature T,.
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F1cUure 10. The scaled temperature at the bubble boundary is shown as a function of the dimension-
less time by the solid line. The accurate temperatures determined from (5) and (19) are shown by
the dashed lines. These accurate temperatures are also shown in figure 2. The numbers refer to
the conditions given in table 1.

The growth rate predicted by this equation is also illustrated in figure 8, which shows
(36) or (39) to be an acceptable interpolation between the inertia-controlled and the
asymptotic stages. The radius-time behaviour given by (39) follows quite closely the
full line on figure 9, and is not shown for clarity. In view of the rather unsatisfactory
physical basis on which (36) and (39) have been obtained, the close agreement with
the more precise theory is rather surprising. Nevertheless, the possibility of describing
vapour-bubble growth by means of this interpolation, even though approximate, is
useful.

Both (34) and (39) apply only for bubbles that have grown at least an order of
magnitude from their initial size. It may therefore be of value to be able to estimate
the time from which they begin to be valid. To this end we show in figure 11 a graph
of the time needed to attain the sizes 10R,, 20R,, 50K, and 100R, as a function of the
parameter x. The initial conditions for the continuous lines are E(0) = R, and
dR(0)/dt = 0-04aR,. The broken line and the dash—dot line have been obtained from
the same R(0), but with initial velocities an order of magnitude greater and smaller
than the value just given. The small influence of the initial condition is clear from
this figure.

As a final point we should like to show that it is possible to define a more general
scaling for bubble growth which is capable of accounting also for the surface-tension-
dominated latency stage. This more general scaling, however, is less useful than the
one considered above,

It is easy to show that, if the difference p,(7},)—p. is kept constant in (5), as
is approximately correct during the latency stage, one can obtain a first integral
analogous to (26), namely

(@) - (@), @) 525 - @) -2 2 =] @
dt dt R 3 P R 2 R 1—(Ry/R)|"

0
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Ficure 11. The times required for growth to the values of B/R, indicated are shown as a function
of . The time is scaled according to (41). The solid lines correspond to the initial conditions
R =R, and dR/dt = 0-04aR,. The dashed lines and the dash—dot lines correspond to initial
conditions R = R, and dR/dt = 0-004aR, and dR/dt = 0-40aR,, respectively.

Here (dR/dt), is the initial velocity which upsets the unstable equilibrium at the initial
radius, and (1) has been used to eliminate the surface-tension parameter.t Now it is
obvious that, for fixed (dR/dt),/(xR,), (40) admits the scaling

R, = R/R,, t,=od, (41)

with « defined by (22). We note that, although the scaling (41) is different from (32),
one has R, /t, = R/I, so that a relation of the type

dR/dt = f(R /) (42)

describes the bubble behaviour both in the latency stage (in which T, ~ T,,) and in the
successive stages of growth. Although in principle (42) contains all the information
needed for the description of the process, it is clear that a graphical presentation of it
would be of limited practical value.
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